We investigate the spacetime of a spinning cosmic string in conformal invariant gravity, where the interior consists of a gauged scalar field. We find an exact solution of the exterior of a stationary spinning cosmic string, where we write the metric as g µν = ω 2g µν , with ω a dilaton field. The equation for the angular momentum J decouples, for the vacuum situation as well as for global strings, from the other field equations and delivers a kind of spin-mass relation. For the most realistic solution, J falls off as ∼ 1 r and the spacetime is Ricci flat. The formation of closed timelike curves can be pushed to space infinity for suitable values of the parameters and the violation of the weak energy condition can be avoided. For the interior, a numerical solution is found. This solution can easily be matched at the boundary on the exterior exact solution by special choice of the parameters of the string.
Introduction
In general relativity theory (GRT) one can construct solutions which are related to real physical objects. The most famous one is the black hole solution. One now believes that in the center of many galaxies there is a rotating super-massive black hole, the Kerr black hole. Because there is an axis of rotation, the Kerr solution is a member of the family of the axially symmetric solutions of the Einstein equations [1] . A legitimate question is if there are other axially or cylindrically symmetric asymptotically flat solutions of the equations of Einstein with a classical or non-classical matter distribution and with correct asymptotical behavior, just as the Kerr solution. Many attempts are made, such as the Weyl-, Papapetrou-and Van Stockum solution [2] . None of these attempts result is physically acceptable solution. Often, these solutions possess closed timelike curves (CTC's). The possibility of the formation of CTC's in GRT seems to be an obstinate problem to solve in GRT. At first glance, it seems possible to construct in GRT causality violating solutions. CTC's suggest the possibility of time-travel with its well-known paradoxes. Although most physicists believe that Hawking's chronology protection conjecture holds in our world, it can be alluring to investigate the mathematical underlying arguments of the formation of CTC's. There are several spacetimes that can produce CTC's. Most of them can easily characterized as un-physical. The problems are, however, more deep-seated in the vicinity of a (spinning) cosmic string or in the so-called Gott-spacetime. These cosmic strings models gained much attention the last decades [3, 4, 5, 6, 7, 8, 9, 10] . Two cosmic strings, approaching each other with high velocity, could produce CTC's. If an advanced civilization could manage to make a closed loop around this Gott pair, they will be returned to their own past. However, the CTC's will never arise spontaneously from regular initial conditions through the motion of spinless cosmons ( Gotts pair): there are boundary conditions that has CTC's also at infinity or at an initial configuration [11, 12] . If it would be possible to fulfil the CTC condition at t 0 then at sufficiently large times the cosmons will have evolved so far apart that the CTC's would disappear. The chronology protection conjecture seems to be saved for the Gott spacetime. There are still some unsatisfied aspects around spinning cosmic strings. If the cosmic string has a finite dimension, one needs to consider the coupled field equations, i.e., besides the Einstein equations, also the scalar and gauge field equations [13, 14, 15] . It came as a big surprise that there exists a vortex-like solution in GRT comparable with the magnetic flux lines in type II superconductivity [16] . Many of the features of the Nielsen-Olesen vortex solution and superconductivity will survive in the selfgravitating situation. These vortex lines occur as topological defects in an abelian U(1) gauge model, where the gauge field is coupled to a charged scalar field. It can easily be established that the solution must be cylindrically symmetric, so independent of the z-coordinate and the energy per unit length along the z-axis is finite. There are two types, local (gauged) and global cosmic strings. We are mainly interested in local cosmic strings, because in a gauge model, strings were formed during a local symmetry breaking and so have a sharp cutoff in energy, implying no long range interactions. Spinning cosmic string solutions can cause serious problems when CTC's are formed which are not hidden behind a horizon, as is the case for the Kerr metric. One can "hide" the presence of the spinning string by suitable coordinate transformation in order to get the right asymptotic behavior. One obtains then a helical structure of time, not desirable. Further, it is not easy to match the interior on the vacuum exterior and to avoid the violation of the weak energy condition (WEC) [17, 18] .
In this manuscript we will consider the spinning string in conformal gravity. Conformal invariancy in GRT considered as exact at the level of the Lagrangian but spontaneously broken, is an approved alternative for disclosing the small-distance structure when one tries to describe quantum-gravity problems [19, 20] In a former study, we investigated the gauged scalar field in context with warped spactimes [21] and conformal invariance [22, 23] . New features will be encountered in the spinning case. In section 2 we outline the model. In section 3 we present an exact solution of the exterior. In section 4 we find a numerical solution of the interior and in section 5 we consider the WEC for a local observer.
Spinning strings in conformal gravity
We consider here the stationary axially symmetric spacetime [1, 2] 
rewritten as
We define is this way an "un-physical" metricg µν by 1
The model we will investigate is given by the conformal invariant action, where we included the abelian U(1) scalar-gauge field (Φ, A µ )
We parameterize the scalar and gauge field as
One redefinedω ≡ − 6ω 2 κ 2 [19] and Φ = 1 ωΦ . We ignore, for the time being, fermion terms. The gauge covariant derivative is D µ Φ = ∇ µ Φ + iǫA µ Φ and F µν the abelian field strength.
The cosmological constant Λ could be ignored from the point of view of naturalness in order to avoid the inconceivable fine-tuning. Putting Λ zero increases the symmetry of the model. This Lagrangian is local conformal invariant under the transformationg µν → Ω 2g µν ,Φ → 1 ΩΦ andω → 1 Ωω . Varying the Lagrangian with respect tog µν ,Φ,ω and A µ , we obtain the equations
withT
and
The covariant derivatives are taken with respect tog µν . Newton's constant reappears in the quadratic interaction term for the scalar field. One refers to the fieldω(r) as a dilaton field. A massive term in V (Φ,ω) will break the tracelessness of the energy momentum tensor, a necessity for conformal invariance unless we would choose
From the Bianchi identities we obtain the additional equation
where a prime represents ∂ ∂r .
The exterior exact solution
For the exterior vacuum, the field equations become (Λ = 0)
Further, we have the constraint equations
These equations can be solved exactly. We immediately observe that Eq.(14) leads to
a kind of "spin-mass" relation. In the interior case, the integral will also contain the scalar and gauge field. The most interesting Ricci-flat solution is
If we calculate the metric componentg ϕϕ = b(r) 2 − J(r) 2 or g ϕϕ =ω(r) 2g µν , we will encounter a CTC for r = c3−c5c6 c4c6 , which can be pushed to ±∞ by suitable choices of the parameters. The behavior of J(r) has asymptotically the correct form. The spacetime g µν is Ricci flat, whileg µν is not. So we could also consider the inverse transformationg µν = 1 ω 2 g µν in order to generate from flat spacetime a non-flat spacetime by the dilaton field. In figure 1 we plotted a numerical solution of the Eq.(14)- (17) . It confirms the correct behavior of J and the dilaton field as scale factor. Outside the cosmic string one should experience an angle deficit ∆φ, which is not the zero-thickness limit ∆φ ≈ µ in the weak field approximation [25] , with µ the mass per unit length. Of course, the relation between the angle deficit and mass depends crucially on the energy-momentum tensor, i.e., the initial condition on the core of the string. In figure 1 we also plotted B 2 r 2 , an indication of the angle deficit.
The interior solution
The field equations for the interior become
In the equation forω and X one can of course eliminate the second order derivative terms on the right-hand side. Eq. (27) is the dilaton equation. In the numerical solution we will use theω equation from the Einstein equations and will use Eq.(27) as constraint. Further, there is again a constraint equation for J ′ . For global strings, i.e., P = P 0 = 0, we have from Eq.(21)a spin-mass relation
The components T tt and T rr of the energy-momentum tensor become
Note that T tt = −T zz for µ = 0. A numerical solution in case of global stings is plotted in figure 2 . At the Figure 2 : Plot of a typical solution in the case of global strings. The core of the string is located at r = r C where Ttt ≈ 0 and X ′ → 0. We observe that J has the correct behavior.
core of the string, it is always possible to match this solution on the exterior, specially the component J, which causes in standard GR problems. From the behavior of the energy momentum tensor components T tt and T rr , we observe that in this example the strong energy condition is fulfilled by suitable initial conditions. Further, it is always possible to make g ϕϕ = b 2 − J 2 positive for r not to close to r = 0 and for suitable initial conditions.
Local frame
Let us consider a local orthonormal tetrad frameΘ µ :Θ t = dt − Jdϕ,Θ r = e µ dr,Θ z = e µ dz,Θ ϕ = bdϕ. For a timelike four-velocity vector field Uμ = 1 ǫ [1, 0, α, β] , with α 2 + β 2 = 1 − ǫ 2 , we have the local energy density measured by the observer moving at constant r = r s (for µ = 0 )
This expression is positive for all α, β and ǫ for the physically acceptable behavior of J ′′ < 0 and b ′′ < 0. If we substitute the field equations into Eq.(31), we obtain
which is also positive for suitable physically acceptable behavior of the derivatives of J, b, X, ω and ǫ 2 < 2α 2 .
Conclusions
In standard GR , the issue of spinning string solutions has a long history. Famous are the van Stockum and Gott-Hiscock solutions [2, 3, 4] . However, there are serious problems in these models. The weak energy condition is violated and it is hard to match the interior on the exterior solution [17, 18] . One can easily verify that on the spacetime of Eq.(1) in the standard general relativistic situation, f = 0 and only global string solutions are possible, i.e., P = P 0 = 0. In the exterior one finds that J is a constant and it is troublesome to match smoothly J at the boundary.
In our conformal invariant model these problems don't exist. The conformal component of the metric field is treated as a dilaton field ω. By demanding regularity of the action, no problems will emerge when ω → 0. For the exterior vacuum an exact Ricci-flat solution is found with the correct asymptotic features which can be matched on the numerical interior solution. For global cosmic strings, the existence of CTC's can be avoided or pushed to infinity by suitable values of the integration constants. These constants can be used to fix the parameters of the cosmic string by the smooth matching of the solutions at the boundary.
